AB Calculus Review Sheet #5

Review Related Rate Problems.

Review Optimization Problems.

Review Curve Sketching Problems.
Review Separable Differential Equations.
Numerical Methods.

Multiple Choice Questions:

1. A stone is thrown straight up from the top of a building with initial velocity 40 ft/sec and hits the
ground 4 seconds later. The height of the building in feet is

(A) 88 B) 96 (C) 112 (D) 128 (E) 144

2. The maximum height is reached by the stone (in question 1) after

(Aa) %sec (B) 4sec © %sec D) %s‘_"’ (E) 2sec

3, H%:—Z% and y =1 when x = 4, then

(4) y¥’=4dx-7 (B) lny=4Jx-8 (C) ly=vx-2

D) y=e’E E) y=e4’_"2

4. A function f{x) which satisfies the equations f(x) f(x)=x and A0)=1is

@A) f@) =" +1 ®) f(®)=V1-x © f(D=x
D) f(x)=¢€" (E) none of these

5. The population of a city increases continuously at a rate proportional, at any time, to the population at

that time. The population doubles in 50 years. After 75 years the ratio of the population P to the
initial population F, is

o 2f

(E) none of these

—
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6. The Center for Disease Control announced that althongh there are more AIDS cases reporied this
year, the rate of increase is slowing down. If we graph the number o

f AIDS cases as a function of
time, the curve is currently

(A) increasing and linear (B) increasing and concave down

(C) increasing and concave up (D) decreasing and concave down

‘(E) decreasing and concave up

7. The total number of local maximum and minimum

points of the function whose derivative, for all x,
is given by f'(x) =x(x - 3)2(x + 1)4 is

A) 0 @) 1 < 2 D) 3 (E) none of these

8. If a particle moves along a horizontal line according to the law s = £° + 5¢*

, then the number of
times it reverses direction is

(A) 0 ® 1 © 2 (D) 3 (E) 4

9. Two cars are traveling along perpendicular roads, car 4 at 40 mi/hr, car B at 60 mi/hr. At noon,

when car A4 reaches the intersection, car B is 90 miles away, and moving toward the intersection. At
1 pm the distance between the cars is changing at the rate of

(A) 20 mph (B) 6.8 mph (C) 0.4 mph (D) —0.4 mph (E) 2mph

10. A balloon is being filled with helium at the rate of 47 £ /min. The rate, in square feet per minute,

. .. . . 327 . .
at which the surface area is increasing when the volume is =~ ft*/minis

(A) 4z (B) 8z (C) 161 (D) ;f; E) é

11. A vertical circular cylinder has radius r feet and height 4 feet. If the height and radius both increase

at the constant rate of 2 ft/sec, then the rate, in square feet per second, at which the lateral surface
area increases is

(A) 4zr (B) 2z(r+h) (C) 4z(r+h) (D) 4rrh  (E) 4rh

X

12. A local minimum value of the function y= € is
x

(A)’i‘ ®1 (©-1 D e o

f«;’;é zb’}‘
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on the curve y=e ™" is

iong the x-axis and two vertices

2 2 1 2
(A)J; B) 2e @7 O= ® 3

14. The table below shows values of f*(x) for various values of x:

X -1 0 1 2 3
f'(x) —4 -1 . 2 5 8
The function could be
(A) alinear function (B) a quadratic function (C) acubic function

(D) a fourth-degree function (B) an exponential function

15. A smokestack 100 ft tall is used to treat industrial emissions. The diameters, measured at 25-
foot intervals, are shown in the drawing. Using the Midpoint rule, estimate the volume of the
smokestack to the nearest 100 ft*.

ht  dia
o

(A) 81008° (B) 9500 f* (C) 9800 & (D) 12,500ft> (E) 39,300 f*
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rree Response Questions:
y
4
Y 5 feet
=2 x4
Y65 "
9 feet
] -
0
1. An oil storage tank has the shape shown above, obtained by revolving the curve y = —6—ng4 from
x=0tox=35 about the y-axis, where x and y are measured in feet. Oil flows into the tank at the
constant rate if 8 cubic feet per minute.
(a) Find the volume of the tank. Indicate units of measure.
(b) To the nearest minute, how long would it take to fill the tank if the tank was empty initially?
(c) Let h be the depth, in feet, of oil in the tank. How fast is the depth of the oil in the tank
increasing when & = 4? Indicate units of measure.
2. Letfbe the function defined by f(x) = In(2 + sinx) for © <x < 21 .

(a) Find the absolute maximum value and the absolute minimum value of /. Show the analysis
that leads to your conclusion.

(b) Find the x-coordinate of each inflection point on the graph of f. Justify your answer.
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COEY™ (H6-H®)

(a0 \ o

Let f(x)=6- x?, For0<w< A6 , let A(w) be the area of the triangle formed by the coordinate axes and
the line tangent to the graph of f at the point (w, 6 — w2). (See figure above.)

(2) Find AQ1).

(b) For what value of w is A(w) a minimum?

y=f(x)

A

4. The figure above shows the graph of f*, the derivative of a function /. The domain of fis the set
of all real numbers x such that -3 <x <3.

(a) For what values of x does f'have a relative maximum? Why?
(b) For what values of x does fhave a relative minimum? Why?

(c) On what intervals is the graph of f'concave upward? Use f* to justify your answer.

(d) Suppose that f(1)=0. Draw a sketch that shows the general shape of the graph of the functior
fon the open interval 0 < x<2.
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5. The figure drawn below shows a tract of land with measurements in feet. A surveyor has measured it'

width at 50-ft intervals with the results shown in the table. Use the trapezoidal rule to approximate th.
acreage of the field. Note: 43560 square feet = 1 acre.

x 0 50 {100 | 150 {200 | 250 | 300 | 350 | 400 | 450 | 500 | 550 | 600
w 0 165 [ 192 [ 146 |63 |42 184 |155 (224 [270 1267 |215 10
6. Water is leaking out of a tank at a rate of R(?) gallons/hour, where ¢ is measured in hours.
a. Write a definite integral that expresses the total | -.J\
amount of water that leaks out in the first two hours. q
b. The figure given at the right is the graph of R(?). On the <
sketch, shade in the region which represents the total ! ' Rt
amount that leaks out I the first two hours.
¢. Give an upper estimate and a lower estimate of the # .
total amount that leaks out in the first two hours. 7 A 3

7. The amount of money required to finance the digging of a tunnel equals the length of the tunnel times the
cost per unit length. If the cost is constant, calculating the cost to dig a tunnel poses no problem;
however, the price per unit length increases as the tunnel gets longer because of the expense of carrying

in workers and tools and carrying out dirt and rock. Assume that the cost per foot varies according to the
table below.

0-100

Length 100 - 200 200 - 300 300 - 400 400 - 500
Cost/ft $500 $820 $1180 $1480 $2020
Length 500 - 600 600 - 700 700 - 800 800 - 900 900 - 1000
Cost/ft $2500 $3020 $3580 $4180 $4820

a. Find the total cost for digging a tunnel 1000 feet long.

b. How much money can be saved by starting the 1000-foot tunnel from both ends and making
halves meet in the middle?

oy oy
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8. The trough shown in ﬁle figure above is 5 feet long, and its vertical cross sections are inverted isosceles
triangles with base 2 feet and height 3 feet. Water is being siphoned out of the trough at the rate of 2
cubic feet per minute. At any time ¢, let  be the depth and ¥ be the volume of water in the trough.

(a) Find the volume of water in the trough when it is full.
(b) What is the rate of change in 4 when the trough is -i— full by volume?

(c) What is the rate of change in the area of the surface of the water (shaded in the figure) at the instant
when the trough is % full by volume?

9. As shown I the figure above, water is draining from a conical tank with height 12 feet and diameter 8 feet
into a cylindrical tank that has a base with area 4007 square feet. The depth A, in feet, of the water in the
conical tank is changing at the rate of (h—12) feet per minute. (The volume ¥ of a cone with radius »

and heighthis V = %ﬂrzh. )
(a) Write an expression for the volume of water in the conical tank as a function of A.

(b) At what rate is the volume of water in the conical tank changing when A =3? Indicate units of
measure.

(c) Let y be the depth, in feet, of the water in the cylindrical tank. At what rate is y changing when
h =37 Indicate the units of measure.
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i0. Let v(t) be the velocity, in feet per second, of a skydiver at time ¢ seconds, ¢t 20. After her

parachute opens, her velocity satisfies the differential equation %v? =-2v-32, with initial condition
¥(0)=-50.

() Use separation of variable to find an expression for v in terms of ¢, where ¢ is measured in
seconds.

(b) Terminal velocity in defined as }imv(t) . Find the terminal velocity of the skydiver to the
nearest foot per second.

(c) Itis safe to land when her speed is 20 feet per second. At what time ¢ does she reach this speed?

i
"
)
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1. B 6. B
2. C 7. B
3. E 8. C
4. A 9. D
5.0 |10 A

11.
12.
13.
14.
15.
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1996 ABS
1994 BC4
See attached
See attached
1995 ABS 1

LR

1993 AB4
1996 AB1.
See attached
1987 ABS
1997 AB6




Solution'

92

(a) volume=V = 1:'/; -??-\/’ﬁdy = 150 ft?

(b)

(c)

(or 471.238 ft3 or 471.239 t3)

V—-21r/52:(9—-9—:r‘) dz
- 0 625

. volume 150«
time = =
: rate 8

therefore, 59 minutes

A o5
V-x/o = Vidy

dv 25 dh
T -3Vhg
dv

o =8

25 dh
when h =4, 8 = ~3—1r(2) 7

dh 12 .
-2;- = E ft/tmn

(or 0.152 ft/min or 0.153 ft/min)

36

K3
ii\i}% m&

%

o

Points

3 <

’

5 4

\

.

1996 ABS

Scoring Scale

2 :integral
1:limits and = /2%

] 5
x/()dy, 2:\'/():1::
0 : s}
1: integrand

1: answer with units

not eligible for answer point unless first two
points are earned.

1: integer answer

1: volume as definite integral using A

l:—=38§

1 : answer with units

if V is linear, max 2/5(0-0-1-1-0)
if V is constant, max1/5(0-0-0-1- 0)
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Question 4

This problem, also common to both exams, asks some familiar questions about a not-so-familiar function. In their

solution, students must demonstrate some facility with both logarithmic and trigonometric functions, particularly
the latter,

The question is phrased in such a manuer that the minimum value of the function occurs at an interior point of
the interval and the maximum value of the function occurs at the end points of the interval. Many students failed to
recognize that the domain was specified as (%, 2r] and consequently lost all the points dependent on end-point
analysis. Furthermore, many students were unable to distinguish among a value of the function, a number in the
domain of the function, and a point on the graph; their confusion often cost them the answer point in Part (a).

4, Letfbetheﬁmcﬁond:ﬁnedbyf(x)-ln(2+xinx) for # < x £ 2n,

(a) Find the absolute maximum

value and the absolute minimum vatue of JS. Show the analyxis that
leads to your conclusion.

(b) Find the x-coordinate of each inflection point on the graph of 1. Justify your answer,

Solution Scoring Scale
Points
@ f'(x)= (h.,. 1,,,, x) cos x; 1: Finds f'(x)
- - 3, 1: Solutions for f'(x) = 0, includi at least one
In{x, 2x),cos x = 0 wheg x 3 solution in [, 2x) uding
1: Evaluates f at x and 2x
. I: Evaluates f at student’s critical point(s)
x | =@ =063 n [z, 2x)
<=1> Notcxplicitlyemludingm
2x | n @ evaluations at x outside (x, 2z] and
e 5 all values of f(x) outside [0, In 2]
2 =0 L
. ; must come from evaluations at endpoints and
Absolute mnxnnum value'u In2. student’s critical point(s) in [, 2x]
‘:\b”m‘m“mm“"’o’ < =1 > If x-value or ordered pair
NOTE: If student uses degree measures of critical
points or ead points and does not give
radian equivalents then student loses
1 point the first time this occurs,

- —sin x}(2 + sin x) — cos x f .
O f =GR BmY cnxenx [y
o "2sinx -1, 2. Solutions for £,"(x) = 0
@+ smx) ’ lpointforeachsolnﬁonin[:,lx]
") - P | < =1 > For each incorrect solution
S7x) O_Whnn sm x 2 4 < -1 > For solutions outside [x, 2x]
~ Iz lx NOTE: 10f2if student's £*(x) 0 in {x, 2n]
and student states that
Signoff” - - r - I: Specific justification
Concavity x downh‘ up u_,_,down?'n
6 6

X - 7—6“- and l_é_zg sinceconcavitychangu
as indicated at these points,

AS2HN



Solution

(a) f(x) = 6—x* f'(x)=-2x
==
y=-S=-2(x-Nory=-2x+7

.7
x-int: —

-int: 7
2 ¢

4=

®)

f'w)==2w; y-(6-w?)=-2w(zx-w)

2

x-int: y - int: 6 + w?
2,2
A(w)=(6+w)
4w

2, - 232
Ay = 4)1f(2(6+w ﬁ:z) . 4(6 + w?)

A'(w) =0 when (6+ w? Y3w? —6)=0

w=+2

Points

1

\

Note:

83

(494 B4

Scoring Scale
:fm=ﬂ

: Finds equation of line or
x-intercept or y-intercept

Answer

Equation of line

Expresses x-intercept or y-intercept

in terms of w
A(w)

A (W)

Vad
Solves A'(w) =0
: Shows solution yields a minimum

P(w
A(w) must be of the form ﬁ, neither
constant, to be eligible for derivative point.
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Solution

(a) z=-2

f'(z) changes from positive to negative at
z=-2, or

f is increasing to the left of z = —2 and
decreasing to the right of z = —2.

(b) z=4
f!(z) changes from negative to positive at
z=4, or

f is decreasing to the left of z = 4 and
increasing to the right of z = 4.

(c) (-1,1) and (3,5)

f' is increasing on these intervals.

()

\_

N\

g,
G5

3

1996 b

Scoring Scale

l:z=4

1 : reason

1:(-1,1)
1:(3,5)

\ 1:reason using f'

max 1/3 for one incorrect interval

0/3 for two incorrect intervals

<=1> f(1)#0

<—1> not decreasing

< —1> incorrect concavity
<=1> f(1y#0
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 feet di ertical cross sections are Inverted "
triangles with base 2 feet and height 3 feet. Water is veing siphoned out of the trough at the'i
h be the depth and p be the volume of water in the

A B 5-' (2) Find the volume of water in the trough when it is full.

/ c? ? 7 () What is the rate of change in the area of the
' instant when the trough is % full by volume?

of |

o) °‘;\_”‘7__.3._5-'-_-/.S‘ i £ Answen

4
I '

6) V=§bh * .,: E-’ CorrecT Vp'-, +¢r-m:;i- o:f" {

' or & v«r-l'a.Lle.s) wkc;_-e.vc,'g—" s
£y
h

s

Ry

1 '%-\- = %‘ ) or c7u;V¢;’er:|'£t

< 1t Correct ob{{.&ren'h«j-lmwni\
'fs.' - '_S:tkl - repecd fo fime ¥
7 3 |
;

1' h= 'g: (or 53', I~ C°”+<'x'+)

JREE > pp A

acceptable.) '
C,) Sh = éQ h 1: A as a. 'F“nc.'flor’\ a"F 1' or
16 ALk o v«r:m.U::J (.))all;:"#blr- lmé:llc.if
' 3 ;ZE— 3 ; % 4 X
=£L6,22 _ <Y , :
T3y T i Answer~

NOT‘E‘l [f S‘f'uo/e,nf S€T3<Q__V0ur‘;o.g,

comns tanT be fore ol.;‘f‘{c.r-gn'ﬁ.oﬂ'aéji

formula ) ,i:w'?
In (b)), max 2/5: ghl\ﬂ%&})wilﬁis;{A ~

.‘v 2

-5

L eﬁlu.a._,! '+a =

3



(c)

Solution
r 4 1 i
- D0 e T2 em - -h
E-12°3 %3
1_(1,\2, _ mh?
EF ORI

: . , i,
(b)vdV_nh dh _ =mh

T =5 &= 5 (h-12) = 9n

V is decreasing at 9z ft*/min

Let W = volume of water in
cylindrical tank '
. AW _ dy
W = 400my; T2 = 400n22
dy _
4007 9 = 9% |
y is increasing at —2—ft/mini

400

Points
1
2

1:

145 ABS

Scoring Scale

r=lh

3
V as a function of &

\ Note: 0/2if r constant

: ﬂ using chain rule
T odt g

dh

! = =h-12

dt

: Solves for ﬂ-’ and
dt

gives answer with units

14
Note: 0/1 if ar >0

: W as a function of y

. dwW _ dy
L -4001tdt
aw

dw ﬂ’l or -4
ar ~ |dr| ° "G

: Solves for % and gives

answer with units

33
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1997

@ £. Let v(t) be the velocity, in feet per second, of a skydiver at time ¢ seconds, ¢t > 0. After her

parachute opens, her velocity satisfies the differential equation %‘f = —2v — 32, with initial

condition v(0) = —50.

(a) Use separation of variables to find an expression for v in terms of ¢, where ¢ is measured

in seconds.

(b) Terminal velocity is defined as tl_i’xg v(t). Find the terminal velocity of the skydiver to

the nearest foot per second.

(c) It is safe to land when her speed is 20 feet per second. At what time ¢ does she reach

this speed?

| dv :
(a) == f2v —32=-2(v+16)

dv
v+ 16

Inju+16] = -2t+ A

= —=2dt -

[v+16] = e~ Z+4 = eAe~2t
v+16 = Ce %
-50+16=Ce’; C=-34

v=—34e"2 - 16

. - - -2t _ S
(®) Jlim v(t) = lim (~34e 16) = -16

(¢) v(ty=—34e"%* 16 =-20

2 1 2
"2t..___' e — = 1.
e = t= 2111(17) 1970

[ 1: separates variables

1: antiderivative of dv side

] dv
0/1 ﬁnot/av+b ,

a¥0

1: antiderivative of d¢ side
6 | 1: constant of integration
1: uses initial condition v(0) = —50
1:. solves for v(t)
. . dv _
0/1 if not solving o k dt

where a, b, k nonzero

( - 0/1 if no constant of integration

0/6 if variables not separated

1: limit value
must be exponential v(t) with finite limit

1: sets v(t) = -20
2 { 1: solution
must be exponential v(t)

.! 145 |



